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1. INTRODUCTION 
Let C(X) denote the space of real continuous functions defined on a 
compact Hausdorff space X endowed with the uniform norm 
llfll = suPaf(x)l: XE x>. 
For any function f defined on X, denote 
z, ={xEX:f(x) =O} 
and 
Mf = ix E x: IfWl = Ilfll>* 
Let I, u be given functions from X into the extended real line [-co, co], 
with I < U. Additionally, let G be a proper subset of C(X). 
DEFINITION 1. g E G is said to be a best approximation tofE C(X) in G if 
llf- g/I G Ilf- hll 
for all h E G. 
Denote 
G* = (g G G: 2 < g < u). 
DEFINITION 2. A best approximation g E G* to f in G* is said to be a 
best restricted approximation. 
Best restricted approximations have been investigated recently in wide 
variety of papers (see [6] for references). 
DEFINITION 3. A subset G of C(X) has the weak betweenness property 
if for any distinct elements g and h of G and for every nonempty closed 
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subset D of X such that min(l h(x) - g(x)/ : x E D} > 0 there exists a se- 
quence {g,} in G such that 
(i) limi-, 11 g - g< I( = 0 and 
(ii) min{[h(x) - gi(x)][gi(x) - g(x)]: x E O} > 0 for all i. 
As we noted in [4], subsets having the weak betweenness property include, 
e.g., subsets with the betweenness property, asymptotically convex and 
having a degree. In this paper we shall give a characterization theorem of 
Kolmogorov type for the best restricted approximation by the elements 
of a subset G having the weak betweenness property. Additionally, we shall 
obtain some converse theorem, i.e., if the necessity of the characterization 
theorem is true for alIfe C(X) then some subset of G has the weak between- 
ness property. These two results will be obtained under additional assump- 
tions that I is an upper semicontinuous function and u is a lower semi- 
continuous function into the extended real line. We note that our assumptions 
about the restrictions I and u are different from Dunham’s assumptions in [I]. 
However, if the functions I and u satisfy five restrictions (i)-(v) in [5, p. 2421 
then, of course, I and u are upper and lower semicontinuous functions, 
respectively. 
2. MAIN RESULTS 
At first, we give a sufficient condition for g E G* to be a best restricted 
approximation for f in G*. This does not require any assumptions about the 
structure of the set G and the properties of the restrictions I and U. 
THEOREM 1. A suficient condition for g E G* to be the best restricted 
approximation to f E C(X) in G* is that the inequality 
max{[g(x) - h(x)] signlf(x) - g(x)]: x E M,-,} Z 0 (1) 
be satisfied for every h E G*. 
Proof. From the continuity of functions f, g, h on X and (g - h) 
sign(f - g) on M,-, , and the compactness of X and M+, we have, by (1) 
Ilf - g II < Ilf - g II + mHg(x) - N-41 sign[f(x) - &)I: x E M,-,I 
= [f(z) - &)I Gd.f’(z) - &)I + k(z) - WI MU~4 - &)I 
= Lf(z) - WI bd.f@) - &II G llf - h II 
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for all h E G*, where z E M,-, n M(g-h)srw(f-s) and the domain of the 
function (g - h) sign(f - g) is restricted to M,-, . This completes the 
proof. 1 
Let us define now the subset G, of G by 
G, = {h E G: h(x) > g(x) and h(y) < g(u) for each x E 2,~, and y E Z,-.,}, 
where g is a fixed element of G*. In the following we shall use the well-known 
properties of lower and upper semicontinuous functions in the extended 
real line [-co, co] (see, for example, [2, pp. 73-771). If G has the weak 
betweenness property then the following theorem is true: 
THEOREM 2. Let I and u be, respectively, upper and lower semicontinuous 
functions into the extended real line. Then a necessary condition for g E G* 
to be the best restricted approximation to f E C(X) in G” is that inequality (1) 
be satisfied for all h E G, . 
Proof. Let us suppose, on the contrary, that there exists an element 
h E G, such that 
max{[g(x) - h(x)] sign[f(x) - g(x)]: x E M,-,} < 0. 
Since I < g < u, then 
(2) 
and 
Z&, = {x E x: l(x) - g(x) 3 0) 
z,-, = {x E x: u(x) - g(x) < O}. 
This and the upper semicontinuity of I and the lower semicontinuity of u 
imply that the sets Zr-, and Z,-, are closed. 
Thus, from h E G, it follows 
min{h(x) - g(x): x E Z,-,} > 0 (3) 
and 
min{ g(x) - h(x): x E Z,-,} > 0. 
Additionally, from (2) we have 
min(l g(x) - h(x)\: x E M,-,) 
3 min([g(x) - h(x)] sign[f(x) - g(x)]: x E M,-d > 0. 
Let us define the closed set D by 
D = M,-, v Zz-, u Z,-, . 
From (3)--(5) we have 
(4) 
(5) 
min(l g(x) - h(x)l: x E D} > 0. 
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Since G has the weak betweenness property, there exists the sequence {gi} 
in G such that 
pt II g - gi II = 0 (6) 
and 
min{[h(x) - gi(x)][gi(x) - g(x)]: x o D} > 0. (7) 
Referring to (6), let n be an integer such that /I g - g, /I < IIf-- g/I for all 
i > n. 
Hence, from (2), (5), and (7) we obtain 
min{l gi(x) - g(x) I : x E fW_,) > 0 
sknUW - g(x)1 = M-U(x) - gi(x)l = sknki(x) - &)I 
for every i > n and x E M,-, . This implies that 
If(x) - g,(x)1 = If(x) - gw - I g&4 - gWl < Ilf- gll (8) 
for these i and x. 
If M,-, = X then the proof is completed. Otherwise, the continuity 
arguments imply that there exists an open set N3 AI-, such that (8) holds 
for all i > n and x E N. Since the set V = X\N is compact and M,-, n V # m 
then 
6, = maWW - g(x)l: x E v> < Ilf- g II. 
Let n, > n be so selected that the inequality 
II g - gi II < llf - g II - 6, 
hold for all i > n, . Therefore, we have 
I f(x) - git-4 I < I f(x) - &)I + I g(x) - &)I 
< 6, + Ilf - g !I - 61 = llf - g II 
for all i > n, and x E V. From this inequality and from that for x E N it 
follows that 
llf- gi II < llf- gll (9) 
for all i > n, . 
Now, for the completion of the proof, it is sufficient o show that there 
exists at least one index i > n, such that gi E G*. To this purpose define . 
6, = min(u(x) - I(x): x o X}. 
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From the compactness of X, the inequality I < U, and the lower semi- 
continuity of (U - I) it follows that 6, > 0. Referring to (6), we select an 
integer n2 2 n, such that 
Ii g - gi II < 6, 
for all i > n2 . Because h E G, , using (7) we have for 
Y e zu-, 
and 
U(Y) - &(Y) > 0. 
Additionally, for these x, y and i > n2 we obtain 
44 - g,(x) = 44 - g(x) - kdx) - g(x)1 b 5 - 
and 
Si(Y> - l(Y) 3 62 - II g - gi II > 0. 
Therefore, we have established that 
44 < l%(x) < 4.4 
for each x E ZIP, U Z,-, and i > n2. 
- 
each x E Z,-, and 
11th -gli >O 
(10) 
If X = Z,-, u Z,-, then the proof is completed. Otherwise, from the 
upper semicontinuity of 1 and lower semicontinuity of u it follows that 
there exists an open set NT, Z,-, u Z,-, such that inequality (10) holds for 
each x E N. Let us set V = X\N. Because V is a closed set and 
V n (ZIP, u Z,-,) = m then by the lower semicontinuity of functions 
u - g and g - I we have 
and 
8, = min{u(x) - g(x): x E V} > 0 
8, = min{g(x) - I(x): x E V} > 0. 
Let n3 > n2 be so chosen that 
II g - gi II < min& T %I 
for each i > na. Thus, for each x E V and i > n3 we have 
4x1 - ifi = 4x1 - dx) + [dx) - gdx)l > 63 - II g - gi II > O 
and 
g,(x) - l(x) > 6, - II g - gi II > 0. 
Combining these two inequalities with that for x E N we conclude from (9) 
that every function gi lies in G* for i > Ita and is a better restricted approxi- 
mation tof than g. This completes the proof. 8 
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Note that, in general, the set G, does not contain the set G*. Therefore, 
the sufficient condition for g E G* to be a best restricted approximation 
in G* is not a necessary condition. 
Unfortunately, the following simple example shows that the set G, in 
Theorem 2 can not be changed on the set G, defined by 
G, = {h E G: h(x) > g(x) and h(y) < g(y) for each x E Z,-, and y E Z,-,}. 
EXAMPLE 1. Let X= [-l,l],G={arx:ar~R},Z(x)=---,u(x)=Y, 
andf(x) = 1 - x. Then G* contains only the zero function g = 0, which is 
the best restricted approximation to f: Additionally, G, = 0, G, = G, 
and M,-, = (-1). It is obvious, that inequality (1) does not hold for 
h(x) = x E G, . 
However, Example 1 does not answer the interesting question: Whether 
the set G, may be changed on G, w (G, n G*) = G, u G*. At present, 
we do not know whether this is true or not. Therefore, the problem whether 
necessary and sufficient conditions exist for g E G* to be the best restricted 
approximation in G* is left open. The answer to this question is yes, parti- 
cularly when G has the betweenness property. This follows easily from the 
fact that G* has also the betweenness property. 
DEFINITION 4. Let the two restriction functions 2 < u be given. If B 
and V are closed subsets of X such that B n V = 0 then the following 
two restrictions r and s defined by 
r(x) = -00, x E X\B, 
= w, x E B, 
and 
s(x) = co, XEX\V, 
= 44, XE v, 
are called admissible restrictions. 
Note that r and s are, respectively, upper and lower semicontinuous 
functions, if 1 and u are such ones, too. In the following theorem we shall 
additionally assume that X is a space with the metric / * I. 
THEOREM 3. Let restrictions I and u be as in Theorem 2. If Theorem 2 
holds for each f E C(X) and all admissible restrictions to I and u then the set 
p u G, has the weak betweenness property for each p E G*. 
ProojI Let us suppose that g and h are two distinct elements in p u G, 
and D is a nonempty closed subset of X such that 
S1 = min{/ g(x) - h(x)]: x E D} > 0. (11) 
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Let hi be a decreasing sequence of positive numbers convergent o zero. 
To prove this theorem it sufficient o show that there exists a sequence { gi} 
in p u G, such that 
I/g - gilI < 4 (12) 
and 
minW(4 - &)lM4 - &)I: x E 01 > 0 
for all integers i. 
(13) 
At first, suppose that g = p E G* and h E G, . Define the functionf, E C(X) 
by 
where 
and 
Because 
0 < Ed < Q min(X, , 6,) 
B = D u Z,-, u Z,-, , 
#4x, a = 1 
= inf{ 1 x - e 1: L E E}, 
if E= 0, 
otherwise. 
maxUXx> - WI sbU(x) - &)I: x E BI 
= - min{l h(x) - g(x)/ : x E B) = -S, < 0 
and B = Mjl-, , from Theorem 2 it follows that g is not the best restricted 
approximation tofi in G, i.e., there exists the function g, E G* such that 
llfi - g1 II < llfl - g II = El 
Hence, we obtain 
II ‘!T - g1 II G llh - g1 II + lifi - g II < AI 
which establishes (12) for i = 1. Additionally, since 1 &(x) - gl(x)I < 
Ifi - g(x)\ for all x E B = Mfl+ then we have 
sknM4 - gW1 = f&-OXx> - &)I = sbM4 - g(x)1 
for all x E B. Hence, it follows that 
minW(x) - gl(41kl(x) - &)I: x 6 BI 
= min{l.L(x> - g(x) - K(x) - gdx)ll (I W - &)I - I glCd - g(x)l) 
:xEB} 
> min((E, - Ifi - gl(x)O(Sl - llfi - g, Ii - llfi - g II): x E BI 
2 (El - llfl - g1 II)” > 0 
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which establishes (13) for i = 1. Denote 6, = min{/ g&x) - g(x)/: x E B} > 0. 
Now, from this last inequality and from the fact that h E G, we have for 
each x E ZI-, and y E Z,-, that 
and 
gdx) - 44 = gd-4 - d-4 > 0 
a> - g1w > 07 
i.e., g, lies in G, . Finally, replacing giPz (g, = h) by giel, hiel by hi, Siwl by 
&, and eiP1 by l i we may analogously construct by induction the functionsfi , 
i = 2, 3,... such that B = Mfim8 and that g are not the best restricted 
approximation to fi . Additionally, denoting the better restricted approxi- 
mation to fi by gi we may prove that (12) and (13) are satisfied and that 
gi E G, . This completes the proof in case g = p. 
Secondly, suppose that g and h lie in G, and (11) holds. Define two 
functions r and s by 
r(x) = -03, x E n%-, 3 
= l(x), x E zz-, 3 
and 
s(x) = co, x E wzu-, 9 
= 44, x E z,-, . 
Obviously, r and s are admissible restrictions. Let us denote 
and 
H, = {u E G: U(X) > r(x) and u(v) < s(v) for each x E Z,-, and y E Z,-,}. 
We immediately have g E H* and h E H, = G, . Therefore changing G* 
on H* and taking into consideration what has been said about the case 
g = p we may prove the existence of the sequence {ga} in Ho such that (12) 
and (13) hold. This completes the proof. 1 
3. CONCLUDING REMARKS 
Now, let us briefly consider the best restricted approximation by elements 
of the set 
Go = {h E G: I < h < u>. 
We may obtain, after trivial modifications of the proofs of Theorems 2 and 3, 
the following results. If G has the weak betweenness property, then the 
following theorem holds: 
640/25/I-S 
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THEOREM 4. Let 1 and u be, respectively, upper and lower semicontinuous 
functions into the extended real line. Then a necessary and suficient condition 
for g E Go to be the best restricted approximation to f E C(X) in Go is that 
inequality (1) be satisfied for all h E Go. 
THEOREM 5. Let X be a metric space and 1, u be as in the previous theorem. 
Zf Theorem 4 holds for each f E C(X) then Go has the weak betweenness 
property. 
These two results also follow immediately from [3] and from the fact 
that the subset Go of G has the weak betweenness property, if G has this 
property, too. Finally, we note that it is possible to generalize our results 
to the case when X is not compact and C(X) is changed on the space C,(X) 
containing all real continuous and bounded functions defined on X. In this 
case the set Mfeg must be changed in Theorem 2 into 
M,-,(4 = { x E x: If(x) - ml 2 llf - 57 II - 4 
where E > 0 is sufficiently small. Additionally, we ought to change the 
maximum on the supremum in all previous statements and assume that X 
in Theorem 3 is a normal space. These generalizations do not require new 
ideas in proofs in view of the considerations given in Section 2 and [4]. 
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